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It has recently been proved that solutions of nonlinear radiative transfer problems satisfy a
maximum principle (Andreev, Kozmanov, and Rachilov, U.S.S.R. Compur. Math. Math. Phys.
23, 104 (1983); Mercier, SIAM J. Math. Anal., in press). In this article it is shown that Monte
Carlo solutions of such problems, obtained using the method of Fleck and Cummings (J.
Comput. Phys. 8, 313 (1971)), must satisfy this maximum principle for sufficiently small time-
steps, but can violate it for sufficiently large time-steps. Analyses of the frequency-dependent
and grey cases are given, and a numerical solution violating the maximum principle is
discussed. € 1987 Academic Press, Inc.

I. INTRODUCTION

A well-known method for obtaining Monte Carlo solutions of nonlinear radiative
transfer problems is the algorithm proposed by Fleck and Cummings [3]. The
basis of this method is conceptually straightforward: within each time-step, the non-
linear transport process is approximated by a linear one, which is solved by a stan-
dard linear transport Monte Carlo method. This algorithm contains implicit terms
which lead to a “quasi-scattering” integral in the linearized transport process.
However, because the algorithm is linear within each time-step, it cannot be fully
implicit. In particular, opacities are evaluated at the old time-step, and the emission
term is a product of quantities evaluated at the old and new time-steps. If the
implicit terms are chosen judiciously, then one can conjecture that the algorithm is
well behaved and stable for small time-steps, but since explicit terms are present,
one should also conjecture that the solution might have unphysical behavior for
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sufficiently large time-steps. In this articie we show that both these conjectures are
true, and we describe the unphysical behavior in some detail.

Our primary analytical tool is a maximum principle which has recently been
shown to hold for solutions of nonlinear radiative transfer problems [1,27].
Specifically, we show that “ideal” solutions obtained by the Fleck—Cummings (FC}
algorithm must satisfy this maximum principle for small time-steps, but may not
satisfy it for large time-steps. By “ideal” solutions, we mean ones which are free of
statistical Monte Carlo errors. Therefore, our analysis applies to the differential
equations which the Monte Cario method solves, but not to any specific Monte
Carlo solution. However, in the “ideal” limit of an infinite number of particles and
zero statistical error, our results do directly apply. The motivation for this article is
that even though statistical fluctuations can cause any particular Monte Carlo
solution to satisfy or violate the maximum principle, it is important to know
whether or not the underlying equations have a solution which must satis{y this
principie. In addition, these underlying equations have recently formed the basis of
deterministic algorithms [4], and the analysis in this article can also be applied to
this type of numerical methodology.

An outline of the remainder of this article follows. In Section 2 we introduce
notation by describing the physical problem and stating the maximum principle for
its solution. In Section 3 we describe the FC algorithm, and in Section 4 we state
and prove its maximum principle. In Section 5 we discuss some variations of the
FC algorithm, and in Section 6 we conclude with a brief discussion and a presen-
tation of a numerical example which violates the maximum principle for large time-
steps.

II. STATEMENT OF THE PROBLEM

In the absence of material motion, scattering, heat conduction, and internal sour-
ces, the equations of radiative transfer are [5]

1ér -y
-—+Q-Vi=d(B-1), 2.4

c Ot
M—ﬁ (I— B) dvdQ 2.2)
—é?—— cld— V , (2.2}

with the initial conditions

I(x,Q,v,0)=I(x, ©, v), {2.3)
T(x, 0) = T(x), (2.4)

and boundary condition

Ix,Q v, 1)=1,(x,Q,v,1), xedD, Q- -n<0. (2.5)
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In these equations, the unknowns are the specific intensity of radiation
I(x,Q, v, 1) and the material temperature T(x, ). [Unless stated otherwise, x
denotes position in the spatial domain D < R? € is a unit vector in R* denoting
direction, ve (0, cv) denotes frequency, and >0 denotes time. Also, dD is the
boundary of D, and n is the unit outer normal on éD.] The remaining known
expressions, all positive, are ¢ (the speed of light), a(v, T) (the opacity), &(T) (the
material energy density), satisfying

o0&
oTr

=¢,>0, (2.6)

where ¢,(T) is the material heat capacity, and the Planck function

2hy?
B(v, T) =C_‘ (eMT 1)~ (2.7)

2
where 4 is Planck’s constant and k is Boltzmann's constant. B can easily be shown
to satisfy, for all v>0 and T>0,

"B
oT"

>0, n=1,2 (2.8)

Finally, we define the equilibrium energy density ¢(x, ¢) and the radiation constant
a by

§= ﬂ BdvdQ=acT, (29)
8k
T TEpES (210)

The problem posed by (2.1)-(2.5) is linear in I, but in general, highly nonlinear
in T. Under constraints on ¢ and &, it is known [1, 2] that this problem has a
solution which satisfies the following:

MAXIMUM PRINCIPLE. Ler 0 T < Ty, be fixed constants, and let I, T;, and I,
satisfy

B(v, T)) < Ix, , v)< Bv, Ty,), (2.11)
I <T{x)< Ty, (2.12)
and

B, T)<L(x, 2, v, 1)<B(v, Ty), xe€éD,Q-n<0. (2.13)
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Then, for all xe D and t >0,

}

7

B(V, TL)SI(xa Qa v, [)SB(V, TU)& (
T <T(x, 1)< Ty. {

[N

A

B

2

15)

Thus, if a problem has initial and boundary data that lie between two Planckians, then
the solution forever lies between these two Planckians. In this article, we show that
numerical solutions obtained by the ¥C algorithm must satisfy this maximum prin-
ciple for sufficiently small time-steps, but not for sufficiently largé time-steps.

Equations (2.1) and (2.2) imply an energy conservation law which we now
describe. Letting

E(x, z):%ﬁ Idv dQ (2.16)

denote the radiative energy density, and

F(x, )= [ Qv o (2.47)
denote the radiative flux, we have from (2.1) and (2.2),

d
E(£+E)+V-F=O. (2.18)

Integrating over D, we obtain

ij (& +E)dx +
D

= [ n-Fdx =0, (2.19)

~&D

which states that the time rate of change of the total material and radiative energy
in D is equal to the net gain of radiative energy through ¢D. In this article we treat
in detail a version of the FC method which exactly satisfies this conservation law.

III. THE FLECK—CUMMINGS METHOD
To describe the FC method, we define a sequence of times 0=, <1, <f,< -,

with time steps 4¢,=1,,,—t,, and for ¢, < ¢<1t,,, we consider the following time-
discretizations of (2.1) and (2.2)

(o8]
[
S

1¢1 B
240 -VI= .l S .
c ot ! 6”((}5 ¢ 1>’ (

n

ég(Tn-kl)_éa(Tn)__ ) Bn X 5
Atn - JJ’ g, In+ 1,2 _? &n%— 12 d‘ dQ (3“}

"
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The boundary condition for (3.1) is given by (2.5), and the “initial” conditions for
(3.1) and (3.2) are known from the previous time-step if # >0, or from (2.3) and
(2.4) if n=0. Quantities in the above equations which are subscripted with an
integer subscript » are evaluated at 7,, and quantities subscripted with #+ 1/2 are
time-averaged over the nth time-step

1 Ing 1
wein=g | (33)
Fosinm [ Bt 34
rt+1,’2_IJ : (3.4)

n¥in

Thus, the opacities in these equations are evaluated at the old time-step, and the
emission term (Planck function) is approximated as

B[", Tn(x)] T ‘
gy 0 )

where 4 is to be determined. By (2.9) and (3.5), we have

Blv, T(x, t)] ~

j BLv, T(x, )] dv dQ ~ §(x, 1), (3.6)

and thus ¢(x, ¢) physically approximates the equilibrium energy density.
Equations (3.1) and (3.2) are energy-conserving in the following sense: if we
integrate (3.1) over Q, v, and ¢t,<t<t,, ,, add this to (3.2), and then integrate the
resulting equation over x € D, we obtain the conservation law (2.19) integrated over
[ <t<l,,.,.
In order to solve (3.1)—(3.4), we must specify 4. To do this, we note that

06 10¢

= AL 37
dr B ot (.7)
where
| _d_é"_dc? d¢>“_c,,T (38)
B(T) dp dT\dT) ~— 4¢° '
and we use this result to approximate (2.2) as
‘n — ¥ i Bn
.¢_ﬁ+.lA_t_¢.=Jf g, (In+1,/2—¢_$n+1/2> dV dQ, (39)
$n+l,'2:d$r1+l+(1_a)¢ll' (310)

Here « is an arbitrary constant satisfying

<a<l. (3.11)

Nt
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and we use the symbol §, ., to emphasize that this quantity is not equal to
¢, =acT; . Eliminating ¢, ., between (3.9) and (3.10), we obtain

an + 1,2 ¢n + aﬁnAtn _;lj‘ G, In+ 12 d\»’ dQ

= - A
bu  $utap,41,]0,B,dvd0 -
Consistent with (3.4), we define § as
At Vo, Idv dQ
J_ ¢n+aﬁn nﬁ 0, 14V (3}3)

O GutaB,dt, | o, B, dvdd

Now we introduce (3.13) into (3.1), and (3.12) into (3.2). We obtain, after some
straightforward algebra, the underlying equations for the FC method

101

;E+Q.VI+U"I:X”U_fr,)J‘jm o, Idv dQ +o,.f,B,, t,<t<t,. , (3.14)
g(T’1+1)=g(]"z)+Al" " JJ G’,,(]n+1,'2—.8") dv dQ, (3.15)
where
o, B

)l S 3.16
L, v) 4n { o, B, dv’ {3.16)
f(X)=——1——— (3.17)

! 1 + fxﬁnAl‘ngp,n ’ ’

4n {0, B, dv

Gp.n(X)=—nL(;f—¥. (3.18)

Operationally, we now solve (3.14), with the previously described “initial” and
boundary data, using a standard neutronics-based Monte Carlo algorithm {6, 7] or
one with special modifications [8]. The exact solution of Eq. (3.14) exists, is uni-
que, and is positive under very weak constraints on ¢ [9]. Then we compute 7, , |,
from (3.3) and T, ., from (3.15). Since d&/dT >0, this last step can be donc uni-
quely, provided the right side of (3.15) is in the range of &.

IV. MAXIMUM PRINCIPLE FOR THE FLECK-CUMMINGS METHOD

For T} < Ty, let us define

¢i= sup

TL<T<Ty CL,(T)

167o B(v.Ty)—B(v,T) B(vT)
_ : (4.1
fa(v,T)[ T - :idx (4.1)



56 LARSEN AND MERCIER

and

Cp= sup . LoAT) —aB(T) 0 (T)], (4.2)

TL<T<

where f is defined by (3.8), and p by

B(v, Ty) — B(v, T)

ATy —ar)

p(T)=max {ﬁ alv, T)

- B(v, T)— B(v, T A

T) - rdQ . 4.
ﬂdm, R A (43)
Equation (2.8) and 0 < T < T, imply

B(V, TU) _ B(V’ T) . B(V, T) B B(V, 0) >0
Tu‘ T T—O ’

(4.4)

and since B(v,0)=0, we then have ¢ >0. (However, £, need not be positive.)
Rearranging (4.4), we get for all 0 < T< Ty and 0 <v < o0,

B(v,Ty) Ty

T (4.5)

We can now prove our main result
MAXIMUM PRINCIPLE. Let 0T, < T, be fixed constants, and let [, 7}, and I,
satisfy (2.11) through (2.13). Also, for every #, let

Ar,[max({y, &)< 1 (4.6)

Then, if 7 and T, denote the FC specific intensity and material temperature, we
have for all 1 >0,

By, T ) <I(x, Q, v, 1) < B(v, Ty), (4.7)
and for all integers n=0

TLng(X)STU' (4'8)

Proof. 'The proof is by induction on the time step #. The induction hypothesis is
that, for the nth time-step, if I, and T, satisfy (2.11) and (2.12) [this is true for
n=0], and if 7, satisfies (2.13) and A, satisfies (4.6) [these are true for all # by
assumption], then

B(\’, TL)gl()“ Q: v, t)gB(V, TU)’ tn<’<£h+l: (49)



NONLINEAR RADIATIVE TRANSFER &7

and
T, <T,.(x)<Ty. (4.10)
First we prove (4.9). To do this, we define
Yix, Q, v, t)=B(v, Ty)—Ix, 2, v, 1), {4.11)

and we wish to show i > 0. Introducing /= By — ¢ into (3.14) and rearranging, we
obtain

12
L vyt - 1-1) ] oopavao =0, (4.12)
c ot
BU s‘on(BU_Bn)de‘! \
g ) = —_— — e = 4
0 1) =0,8, | (FE-1) - () 0 [ i)

where we have introduced B, = B(v, Ty) and B, = B(v, T,).

By the induction hypothesis and (4.11), ¥ has non-negative initiai and boundary
values. Thus, since Y satisfies a standard linear transport problem, ¥ is non-
negative if the source term @ is non-negative [9]. Using the inequality (4.5} in
(4.13), we get

’TU _"O_ﬂ(BU—an)dv, - A
0za,m,| (7-1)- 0 T T | i

which can be rearranged in the form

g, B,
{o,.B,d

L] n

1 _fn
— B dy —— 2
T,,JU" U -

I

0= (TU—-T,,)I: J o,,(BU—B,,)dv'], {(4.15)

Using (3.17), we see that Q is non-negative if

= dv. {4.16)

af, At, o J By,—B
" TU_Tn

;]
——"‘d'> nYpn
J n T, ! 1+ap, 4t,0

nYp.n

Rearranging, and using (3.8) and (3.18), we obtain the condition

167a By,—-B, B
At — T gy 1K1, {(4.17)
n|:cv.n J‘O-II<T'U_—71H Tn) ‘} ( ;

However, this is satisfied because, by assumption, 47,&, < 1. Hence Q =0, which
implies y =0 and /< By.
In a similar manner, one can show that B(v, T, )= B, <7 if

167a B,— B, B,)
4z, ——ldv|<L {4.18
lll[c J‘(T”<’Tn—:rl_ Tn/ ‘:I }

v.n
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However, (2.8) implies, for T, < T, < Ty.

B,— By _Bu—B,
Tn—TL TU‘Tn.

(4.19)

Thus the integrand in (4.17) is larger than the integrand in (4.18) and, therefore,
(4.18) is satisfied because (4.17) is. This completes the proof of (4.9), which gives

By, T ) <1,y 1p0(%, 2, v) < B(v, Ty). (4.20)
Now, to prove (4.10), we shall instead verify the equivalent inequalities

E(T)<E(T, . )<é(Ty) (4.21)
Using (3.15) to eliminate &(7, ), we obtain

4,1, || 0l s 12— B,) dv d2 < E(To) — 6(T,), (4.222)

At £, [ 0By~ 1,00) dvd2 < E(T,)—8(T1) (4.22b)

Using (4.20), we find that (4.22) are satisfied if

By,—B ,
4 __ZvTo  hdo<l, 4.23
hsff o FTo) e ™ (3.23)
- B,— B,
A — R S— ' s 4.
t.f, ﬂ L (4.23b)

Introducing the definition (4.3) of p, we find that these inequalities are satisfied if
and only if

A1, p(T,) < 1. (4.24)

Finally, introducing the definition (3.17) of f, and rearranging, we obtain the
condition

Atn[p(Tn)_aﬂnap,n]SL (425)

which is satisfied because A7, ¢, < 1. This completes the proof of the inequalities
(4.10), and also of the induction hypothesis. Therefore, the maximum principle is
proved.

We note that the condition (4.6) gives sufficient conditions for the maximum
principle to hold, but not necessary ones. In particular, if (4.6) is violated, then Q in
Eq. (4.12) can (but need not) be negative for some values of its arguments. Also, if
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O has negative values, then  can (but need not) be negative for some values of its
arguments. Moreover, for all 4t we have from (4.13)

[

dev =ﬁ,fa,,(BU—B,,)dv>o, (4.26)
and thus, even if ¢ has negative values, its frequency integral is always non-
negative. For these reasons, it seems likely that.the condition (4.6) is conservative,
and that it will have to be substantially violated to obtain a solution which violates
the maximum principle. We shall demonstrate this below in Section 6.

V. MaXiMUM PRINCIPLES FOR RELATED METHODS

For an ideal gas, we have

E(T)=c,T, (5.1}

3
v 7

where ¢, is a constant. Also, for some applications, £(T) is nearly a linear function
of T, so that &'(T)=c,(T) is nearly constant. In such situations, one has

éy(Tnﬁ—l)_(gj(Tn)xCv.n(TnJrl_Tn)’ {52\‘

and thus one can replace (3.15) by
A[n n " g N
Tr1+l=Tn+—l_JJ Gn(anrl'Z'—Bn)dVdQ' {33}

v,n

The resulting method does not strictly satisfy energy conservation, but it is simpler
because (5.3) gives T, ., directly, whereas (3.15) must be solved for T,,,. This
method also has a maximum principle, just like the one derived in Section 4,
provided Az, satisfies
at,&, <1, (5.4}

where &, is defined by (4.1). The analysis which leads to this result is very similar to
that presented in Section 4, and will not be given here.

For the case of a “grey” problem, ¢ is independent of v, and (2.1} can be
integrated over v to yield

1ef o
Y Q-Vi=a(B-D), (5.5
¢ Ot

0& o

% _s | (7~ B)aa. (5.6)

ot
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where
ix, @, 1)= f I(x, Q, v, 1) dv, (5.7)
_ T“
B(T)=| By, T) dv=" (538)
4n
Likewise, integrating (3.14) over v, we obtain for the FC equations
1ol
—=+Q:Vto,I=0, {(1 —~£) J I +f, B ] (5.9)
(T, ) =8(T,) +41,1,0, [ Uy, 10— B)d2.  (510)

One can now integrate (4.7) over v and obtain a maximum principle for 7 and T,
with the required bound on A4¢, being given by (4.6), and ¢, &, defined by
{(4.1)-(4.3). However, these bounds were derived by using the inequality (4.5),
which is relatively crude and does not lead to the weakest possible bound in the
grey case. It happens that by deriving a maximum principle directly from
(5.5)-(5.8), we obtain the best (weakest) rigorous bound

Atn{ sup O'(T)[V(T)—otﬁ(T)]}S L (5.11)
TL<T<Ty
. h—T' T —T}
D= | g Fr— et ) 1)
If (5.10) is replaced by
Tn+1=Tn+MJ~ (I_,,_(_l’,'z_g,,) dv, (513)

then the bound on Ar, which assures the maximum principle is

At,,{ sup ()[1‘1‘}—7;_4”3]}@' (5.14)

TL<T<TUC (T) TU_

V1. NuMERICAL RESULTS AND DISCUSSION

We consider a slight variation of a problem discussed by Fleck and Cummings
[3]- In our problem, a 4.0 cm slab with opacity

k\? ,
ot 1=y () (1= 1), (61)
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material energy
E(T)=(y,aTY T, (6.2}
and initial temperature
7,=0.001 keV (6.3
is heated on the left by a Planckian source with temperature
To=10keV (6.4}

and on the right by a Planckian source with temperature 7',. The constants in this
problem are

1o =27 keV?/cm, (6.5a)
v, =0.5917, (6.5b)

and we consider the multifrequency algorithm described in Section 5 with x =
{This algorithm is identical to the one described in Sect. 4 because & is linear in 77)
The FC solution of this problem must satisfy the maximum principle, with
T =T,and Ty =T,, provided A7 satisfies the bound (5.4). Using (6.1) and (6.2},
and omitting much straightforward algebra, one can reformulate this bound as

< T3 7172 (6.6)
Yo F(T/Ty) )
where
f ! 0<r<i (6.7)
_ r<i, N
~ (L +n)(1+rmy
and

p,=5411 x 10! sec/cm.

The function F(r) is plotted in Fig. 1. It decreases menotonically from F{0)=
to F(1)=n/6—1=0.645 as r increases from 0 to 1. Using F(0.001)=5.492,
Eq. (6.6) yieids

A1<1.827x 1071 sec (6.8}

as the theoretical bound on Ar which guarantees that the solution will satisfy the
maximum principle.

This problem differs from the original Fleck—Cummings problem [37] only in that
in [37], there is no source of photons on the right edge of the slab. This “vacuum”
boundary condition corresponds to a Planckian with zero temperature; therefore,
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9.0

6.0—

0.0 ’_a
Fig. 1. The function F(r).

the exact solution of this problem satisfies the maximum principle with
Ty=10keV and T; =0.0 keV. However, since F(0)= oo, the bound (6.6) gives
At=0, and thus our theory does not guarantee a Monte Carlo solution satisfying
the maximum principle for any positive time-step. Nevertheless, our calculations
indicate that the FC solution does satisfy the maximum principle, roughly for

At <7.4x 107" sec. (6.9)

In [3], Fig. 4 clearly displays a violation of the maximum principle for
At=2x10""%sec, but not in Fig. 3 for 41=10"'°sec. However, the Fig. 3 plot is
for r=2x 10" sec, hence is the result after two time-steps. For 4z =109 sec, our
calculations show a violation of the maximum principle only at the end of the first
time-step, and hence this violation is not visible at later times.

In Fig. 2, we plot the material temperature for our problem across the slab at the
end of one time step, with 41 =2 x 10" '®sec. As in [3], we divide the slab into 10
equal spatial cells, and cell-average temperatures are plotted at cell centers and are
joined by straight lines. Since the difference between our problem and the problem
in [37 is small, our result agrees fairly well with that shown in Fig. 4 in [3], and
the violation of the maximum principle in the leftmost cell is apparent. This
violation disappears in our problem for A7 roughly satisfying (6.9). This numerically
observed bound is considerably larger than the theoretical bound (6.8).

These results indicate that our general theoretical bound (4.6) is very conser-
vative. That is, the smallest value of Ar for which the FC solution will violate the
maximum principle can be much larger than the theoretical bound which guaran-
tees that the maximum principle will not be violated.
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L —

3.0 T
o DETERMINISTIC
© MONTE CARLO
20 -
T
1.0 N
0.0 I = i
0.0 1.0 20 3.0 4.0

X

FIG. 2. Material temperatures for r=4:=2x 10" sec.

We now discuss, with little detail, some additional results which we have obser-
ved in our numerical experimentation. In particular, we have run our problem for
longer times, using the “pure” FC algorithm described above, also using the ran-
dom walk approximation to speed up the numerical calculations [8], and
additionally, using a deterministic method very similar to that described in [4] and
based directly on the multifrequency method described above in Section 3. In all
cases we observed very similar behavior. For 4f=2x10"'"sec, the solutions
violate the maximum principle in the leftmost cell, but after a few time-steps this
inaccuracy disappears and the solutions then converge to the correct steady-state
solution. (The material temperatures are plotted in Fig. 2 for the two Monte Carlo
methods, which agree to within 0.05 keV, and the deterministic method.) As the
time step is increased, the solutions after one time-step increase in the leftmost cell,
the violation of the maximum principle can extend to two or more cells, and an
increasingly large number of time steps is required for this inaccuracy to disappear
and the solutions to converge to the steady-state solution. For everv 47 which we
selected, the solutions did eventually converge to the correct steady-state solution;
thus, in this sense, the method is stable.

Finally, in some further experimentation on our problem, we found, in general,
that for any fixed 4r and T, # T,, we could always make the solutions viclate the
maximum principle after one time-step by taking the opacity multiplier y, large
enough.

We now summarize our analytical and numerically-cbserved results.

(i) The ideal FC solution must satisfy the maximum principle for a smali
enough time-step and opacity multiplier, but it can, and generally does, violate the
maximum principle for a large enough time-step or opacity multiplier.

(i1} The theoretical bound (4.6) on Az, which guarantees that the FC solution

581 T, 1-5
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satisfies the maximum principle, is much smaller than the actual value of 4¢ at
which the violation of the maximum principle occurs. Thus, although this
theoretical bound is correct, it is very conservative and not likely to be useful in
predicting how large a time step can be chosen before the maximum principle is
violated.

(iii) The violation of the maximum principle occurs in pure Monte Carlo,
Monte Carlo with random walk, and deterministic solutions which are obtained
using, as a basis, the algorithm described in Section 3. These violations occur
because of properties of the underlying equations in Section 3, not because of the
use of an inadequate number of particles in the Monte Carlo methods, or an inade-
quate differencing scheme in the deterministic methods.

(iv) The FC algorithm appears to be stable, in the sense that for every finite
At, the FC solution of our problem remains bounded and approaches the correct
steady-state solution as ¢ — o0. However, for large and increasing A¢, the transient
part of the solution becomes increasingly unphysical for increasingly many time-
steps.
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